5-Chromatic even triangulations on surfaces  by Nakamoto, Atsuhiro
Discrete Mathematics 308 (2008) 2571–2580
www.elsevier.com/locate/disc
5-Chromatic even triangulations on surfaces
Atsuhiro Nakamoto
Department of Mathematics, Faculty of Education and Human Sciences, Yokohama National University,
79-2 Tokiwadai, Hodogaya-ku, Yokohama 240-8501, Japan
Received 14 August 2006; received in revised form 25 May 2007; accepted 31 May 2007
Available online 16 June 2007
Dedicated to Professor Hikoe Enomoto on the occasion of his 60th birthday
Abstract
A triangulation is said to be even if each vertex has even degree. It is known that every even triangulation on any orientable surface
with sufﬁciently large representativity is 4-colorable [J. Hutchinson, B. Richter, P. Seymour, Colouring Eulerian triangulations, J.
Combin. Theory, Ser. B 84 (2002) 225–239], but all graphs on any surface with large representativity are 5-colorable [C. Thomassen,
Five-coloring maps on surfaces, J. Combin Theory Ser. B 59 (1993) 89–105]. In this paper, we shall characterize 5-chromatic even
triangulations with large representativity, which appear only on nonorientable surfaces.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We only consider a ﬁxed embedding of some simple graph on a surface S, which is called an embedding. For an
embedding G, we denote its vertex set and edge set by V (G) and E(G), respectively. The link of a vertex v in the
embedding G is the boundary walk of the 2-cell region formed by all faces incident to v. A cycle of length k is called
a k-cycle. A chord of a cycle C is an edge xy such that x, y ∈ V (C) and xy /∈E(C).
Let Nk denote the nonorientable surface of genus k. Let S be a surface and let l be a simple closed curve on S. We
say that l is essential if l does not bound a 2-cell on S, and trivial otherwise. We say that l is separating if S − l is
disconnected. We say that l is 1-sided if a tubular neighborhood of l is homeomorphic to a Möbius band, and 2-sided
otherwise. These deﬁnitions are also applied for cycles of a graph on S by regarding the cycles as simple closed curves
on S. (Hence, a separating cycle of a graph G on S separates S but G − V (C) is not necessarily disconnected.)
The representativity of a map G embedded in a surface S is the minimum number of intersecting points of G and ,
where  ranges over all essential simple closed curves on S. Let r(G) denote the representativity of G. We say that G
is k-representative if r(G)k.
A triangulation on a surface S is an embedding such that each face is bounded by a 3-cycle. A triangulation is said
to be even if each vertex has even degree. An even embedding means an embedding such that each face is bounded
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by a closed walk of even length. An even embedding is said to be a quadrangulation if each face is bounded by
a 4-cycle.
A k-coloring of G is a map c:V (G) → {1, . . . , k} such that for any xy ∈ E(G), c(x) = c(y). We say that a graph
G is k-colorable if G admits a k-coloring. Let (G) denote the smallest integer k1 such that G is k-colorable, which
is called chromatic number of G. We say that G is k-chromatic if G has chromatic number exactly k.
We begin with the following result:
Theorem 1 (Folklore). Every even triangulation on the sphere is 3-chromatic.
Hutchinson et al. proved that every even triangulation on any orientable surface is 4-colorable if it has sufﬁciently
large representativity [2]. However, it is known that every nonorientable surface admits an even triangulation which
has arbitrarily large representativity and is not 4-colorable [1]. On the other hand, Thomassen proved that every graph
on any surface with sufﬁciently large representativity is 5-colorable [11]. Therefore, only a nonorientable surface can
admit 5-chromatic even triangulations with high representativity. In this paper, we shall characterize 5-chromatic even
triangulations with high representativity which appear only on nonorientable surfaces.
Let H be an embedding on a surface S. A face subdivision G of H is the embedding obtained from H by adding a
single vertex into each face of H and joining it to all vertices on the corresponding boundary. Clearly, if H is an even
embedding, then its face subdivision G is an even triangulation. The set of vertices in V (G) − V (H) is called a color
factor of G. Clearly, if H is k-colorable, then G is (k + 1)-colorable.
The following theorem has been proved by Mohar:
Theorem 2 (Mohar [4]). Let G be an even triangulation on the projective plane. Then,
(i) G is a face subdivision of some even embedding H, and
(ii) G is 5-colorable. In particular, G is 5-chromatic if and only if H includes a non-bipartite quadrangulation as a
subgraph.
In this paper, extending Theorem 2, we shall prove the following theorem:
Theorem 3. For any integer k1, there exists a positive integer Rk satisfying the following: Let G be an Rk-
representative even triangulation on the nonorientable surface Nk of genus k. Then G is 5-colorable. In particular, G
is 5-chromatic if and only if G is a face subdivision of some even embedding H including a quadrangulation H ′ as a
subgraph with an odd cycle cutting open Nk into an orientable surface.
The author has already veriﬁed Theorem 3 for the Klein bottle [6]. Theorem 2(i) does not hold for all nonorientable
surfaces except the projective plane, and moreover, the assumption for the representativity in Theorem 3 is necessary,
since there is a 5-chromatic even triangulation on the Klein bottle but is not a face subdivision of an even embedding [8].
See the left hand of Fig. 1, which shows the smallest 5-chromatic even triangulation G on the projective plane by
identifying each antipodal pair of points on the hexagon. By Theorem 2, this is a face subdivision of a non-bipartite
quadrangulation H (isomorphic to K4), which is expressed by the thick segments in the ﬁgure.
Fig. 1. A 5-chromatic even triangulation on N1, and a 5-chromatic even triangulations on N2 but is not a face subdivision of an even embedding.
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See the right hand of Fig. 1, which is obtained from two copies G1 and G2 of the above G by pasting them along their
facial cycles. The resulting graph, denoted by K, is an even triangulation on the Klein bottle. Since G is 5-chromatic and
since they are pasted along the complete graph K3, K must be 5-chromatic. However, the even embeddings H1 and H2
which are uniquely taken in G1 and G2, respectively, do not ﬁt in K, and hence K is not expressed as a face subdivision
of some even embedding. Therefore, K is a 5-chromatic even triangulation on the Klein bottle which does not satisfy
Theorem 3, but K has a separating essential 3-cycle 236. Therefore, the restriction for the representativity in Theorem
3 cannot be omitted, and the value R2 in Theorem 3 for the Klein bottle N2 exceeds 3. Moreover, Sasanuma [10] has
found a 5-chromatic 6-regular triangulation on the Klein bottle with representativity 4, and hence we have R25.
2. Face subdivisions of even embeddings
In this section, we shall prove Theorem 3 only for an even triangulation which is a face subdivision of an even
embedding.
An even quadrilateral is a simple plane graph with outer 4-cycle xyzw such that the degree of x, y, z and w are odd,
those of all inner vertices are even, and each inner face is triangular. The smallest even quadrilateral consists of an outer
4-cycle and only one inner vertex. An addition of an even quadrilateral Q to an embedding G with a quadrilateral face
f is to identify the boundary of Q and that of f.
Lemma 4 (Mohar [4], Nakamoto [6]). Let Q be an even quadrilateral with outer 4-cycle C. Any 3-coloring of C
extends to a 4-coloring of Q, but Q has no 4-coloring such that the four vertices on C have distinct four colors.
Lemma 5. If an even triangulation G is a face subdivision of some even embedding H, then r(H)r(G)/2.
Proof. Observe that a k-cycle C in G contains at most k/2	 vertices of the color factor of G. So, if H admits an
essential simple closed curve hitting H at most r(G)/2 − 1 times, then G has an essential cycle of length at most
2r(G)/2 − 2r(G) − 1, a contradiction. 
We introduce the following two theorems concerning chromatic numbers of even embeddings on surfaces, which are
extensions ofYoungs’ theorem for the projective plane N1 [12], which states that every non-bipartite quadrangulation
on N1 is 4-chromatic.
Theorem 6 (Archdeacon et al. [1]). Let H be a quadrangulation on Nk . If H has an odd cycle cutting open Nk into
an orientable surface, then for any coloring of H, there is a face f whose four corner vertices get distinct four colors.
Consequently, (H)4.
Theorem 7 (Mohar and Seymour [5], Nakamoto et al. [7]). For any integer k1, there is an integer n(k) such that
every n(k)-representative even embedding H on Nk is 4-colorable. In particular, H is 4-chromatic if and only if H
includes a quadrangulation H ′ as a subgraph with an odd cycle cutting open Nk into an orientable surface.
However, Hutchinson has proved that every even embedding on any orientable surface with sufﬁciently large repre-
sentativity is 3-colorable [3].
The following proposition asserts that Theorem 3 holds for an even triangulation G which is a face subdivision of
some even embedding H.
Proposition 8. For any integer k1, there exists an integer N(k) satisfying the following: Let G be an N(k)-
representative even triangulation on Nk which is a face subdivision of some even embedding H on Nk . Then G is
5-colorable. In particular, G is 5-chromatic if and only if H has a quadrangulation H ′ as a subgraph with an odd cycle
cutting open Nk into an orientable surface.
Proof. SinceG has high representativity, so doesH, by Lemma 5. SinceH is 4-colorable by Lemma 7,G is 5-colorable.
Suppose that H has a quadrangulation H ′ as a subgraph with an odd cycle cutting open Nk into an orientable surface.
By Theorem 6, for any 4-coloring of H ′, there is a face f whose four corner vertices get distinct four colors. Since
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G is obtained from H ′ by adding an even quadrilateral to each face of H ′, the even quadrilateral added to f has no
4-coloring, by Lemma 4. Thus G has no 4-coloring, but has a 5-coloring. Hence G is 5-colorable.
On the other hand, unless H includes a quadrangulation with an odd cycle cutting open Nk into an orientable surface,
H is 3-colorable, by Theorem 7. Therefore, G is 4-colorable. 
3. Monodromy for even triangulations
By Proposition 8, we shall focus on even triangulations which cannot be expressed as face subdivisions of even
embeddings. In this section, we provide a topological method dealing with such even triangulations on surfaces, which
was ﬁrst introduced in [2].
Let G be an even triangulation on a surface S, and let f be a face of G. Let W = f0f1 · · · fk be a sequence of faces
fi of G with f0 = f , called a face walk starting at f, such that fi and fi+1 share an edge, for i = 0, 1, . . . , k − 1. Let us
deﬁne a bijection G,f (W):V (f ) → V (fk) recursively: for k = 0, G,f (W) = id, and for k > 0, G,f (W) coincides
with G,f (f0 · · · fk−1) on V (fk−1) ∩ V (fk). In particular, if f0 = fk for k > 0 (i.e., W is called a closed face walk),
then G,f (W) is a permutation on V (f ).
For x ∈ V (f ), let U(x) denote the set of all vertices y to which x is mapped by G,f (W) for some face walkW from
f to f ′ with y ∈ V (f ′). The following is easy to see:
Proposition 9 (Mohar [4]). Let G be an even triangulation and let f be a face of G.
(i) A vertex set U ⊂ V (G) is a color factor of G if and only if for all u ∈ U , only one vertex of V (f ), say x, is mapped
to u by G,f (W) for any face walk W from f to a face containing u, that is, U = U(x). (Equivalently, x ∈ V (f ) is
ﬁxed by a permutation G,f (W) for any closed face walk W containing f.)
(ii) G is 3-colorable if and only if G,f (W) = id for any closed face walk W through f.
Two closed face walks W and W ′ are said to be homotopic if the closed walks W ∗ and W ′∗ in the surface dual G∗
of G corresponding to W and W ′ are homotopic as closed curves. We say that a closed face walk is trivial if the closed
walk W ∗ of G∗ corresponding to W is trivial as a closed curve.
Proposition 10 (Hutchinson et al. [2], Mohar [4]). If W and W ′ are two homotopic closed face walks of G starting at
a common face f, then G,f (W) = G,f (W ′). In particular, if W is trivial, then G,f (W) = id.
Observe that for a given even triangulation G on a surface S and its closed face walk W passing through a face f, the
permutation G,f (W) of V (f ) can be uniquely deﬁned. By Proposition 10, we can regard G,f as a homomorphism
from the fundamental group 1(S, x) of S with a base point x corresponding to f to the symmetric group, denoted by
S3, of degree 3. We call G,f a monodromy of G. (Let  ∈ S3. The order of  is the smallest integer k1 such that
k = id.) We consider only the order of G,f (l) for each l ∈ 1(S, x), and hence our argument does not depend on
the choice of f and x. Hence we omit to write f and x for expressing G,f and 1(S, x). The following is an important
observation.
Proposition 11. Let G be an even triangulation on a surface S. Then,
(i) G is 3-chromatic if and only if G is trivial, that is, G is a homomorphism from 1(S) to the subgroup {id} of S3,
and
(ii) G is a face subdivision of an even embedding H if and only if G is a homomorphism from 1(S) to a subgroup
Z2 of S3. (In particular, H is non-bipartite if and only if G: (S) → Z2 is a surjection.)
Proof. Since (i) is equivalent to Proposition 9(ii), we consider only (ii). Observe that if G has a closed face walk W
through a face f such that G,f is of order 3, then the permutation G,f (W) of V (f ) ﬁxes no vertex of f, and hence G
has no color factor, by Proposition 9(i). Conversely, if we have G: 1(S) → Z2, then we can clearly take a vertex set
U described in Proposition 9(i). 
Here let us mention a utility of the monodromy using Proposition 11. For the sphere M0, observe that 1(M0)={id}.
Hence, if we let G be an even triangulation on M0, then we have G: 1(M0) → id. Hence, by Proposition 11(i), G
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is 3-colorable, which proves Theorem 1. For the projective plane N1, observe that 1(N1) = {, id}, where  = id but
2 = id. Hence, since for any homomorphism : 1(N1) → S3, no element of 1(N1) is mapped to an element of order
3 in S3. Therefore, if we let G be an even triangulation on N1, then we have G: 1(N1) → Z2. Hence, by Proposition
11(ii), G is a face subdivision of some even embedding, which proves Theorem 2(i).
Let L be a triangulation on an annulus such that two disjoint cycles C1 and C2 of L coincides with the two boundary
components of the annulus. Then (L,C1, C2) is said to be an annulus triangulation with boundary cycles C1 and C2.
Let G be an even triangulation on Nk with monodromy G. If a cycle C of G is homotopic to a simple closed curve
l such that G(l) = id, then C is said to be identity-assigned. For an identity-assigned 2-sided cycle C, an annulus
triangulation L of G containing C is uniquely 3-colorable. If the vertices of C are 2-colored in the unique 3-coloring
of L, then C is said to be bicolored. Note that a bicolored cycle is deﬁned only when it is identity-assigned. We call a
bicolored cycle colored by i and j an (i, j)-cycle.
Lemma 12. Let (G,C1, C2) be an annulus triangulation colored by three colors 1, 2, 3. Then (G,C1, C2) has a
bicolored essential (i, j)-cycle C for any distinct i, j ∈ {1, 2, 3}.
Proof. Suppose that (G,C1, C2) is colored by i, j, k, and that C is chosen so that the number of vertices of C colored
by k is minimum. If C is an (i, j)-cycle, then we are done. So, suppose that C has a sub-path uvw with v colored by
k. Since C1 and C2 are disjoint, we can replace uvw by u = z1, . . . , zk = w in C, where z1 · · · zk are the path on the
link of v. (Since v is colored by k, z1, . . . , zk are colored by i and j alternately.) This decreases the number of vertices
colored by k, a contradiction. 
Let G be an even triangulation on Nk with k2. Let D1 and D2 be two disjoint homotopic essential bicolored cycles
in G. Cut off the annulus bounded by D1 and D2 from G, put a 2-cell in each of the boundary cycles, and add a new
vertex vi on the 2-cell to join all vertices on Di for i = 1, 2. We call this operation a cutting–capping along {D1,D2}
by v1 and v2. We can do the same even if D1 = D2, and in this case, we call it a cutting–capping along D1 by v1 and
v2. Then, if D1 is a non-separating cycle on Nk , the resulting map is clearly an even triangulation on Nk−2. Otherwise,
we get two even triangulations on Nk1 and Nk2 for some k1, k21 with k1 + k2 = k. Note that in order to get an even
triangulation from G by this operation, D1 must be identity-assigned in G.
Let G be an even triangulation, and let C be a trivial bicolored cycle of G. A patching at C by u is to remove all
vertices and edges in the interior of C and join a new vertex u to all vertices in C. We also deﬁne a patching in an even
embedding H at any trivial cycle C, but we note that we join a new vertex to every second vertex of C.
The following is our main result in this section which is useful for our inductive argument later with respect to the
genus of the surfaces. We say that l1, . . . , lm ∈ 1(S) are homologically independent if no li can be expressed by a
product of l1, . . . , li−1, li+1, . . . , lm.
Lemma 13. For any integers k3 and l, r1, there exists an integer N(k, l, r) such that
(i) every N(k, l, r)-representative even triangulation G on Nk has l pairwise disjoint homotopic essential identity-
assigned cycles C1, . . . , Cl lying in this order, and
(ii) the map or two maps obtained from G by a cutting–capping along {C1, Cl} has representativity at least r.
If C1, . . . , Ck cannot be chosen to be non-separating on Nk , then k = 3, and the resulting two maps arisen are a
3-chromatic even triangulation on N1 and an even triangulation on N2 which is not a face subdivision of an even
embedding.
Proof. Let S be a surface and let 1(S) be the fundamental group of S. In [2], it has been shown that there exists a
ﬁnite subset  ⊂ 1(S) of 2-sided non-separating closed curves such that for any homomorphism : 1(S) → S3, an
identity-assigned element of 1(S) can be chosen in , if one of the following two conditions hold:
(i) S admits three homologically independent 2-sided non-separating simple closed curves,
(ii) S admits two 2-sided non-separating simple closed curves x and y crossing at a single point such that (x)(y) =
(y)(x).
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Let’s consider Nk with k4. We ﬁrst note that the torus admits two homologically independent 2-sided non-
separating simple closed curves, called a meridian and a longitude, crossing at exactly one point on the torus. Observe
that Nk with k = 4 is a connected sum of the torus and the Klein bottle, and that for any k5, Nk is a connected sum
of the double torus and some nonorientable surface. In the former, take a meridian and a longitude from the torus and
one 2-sided non-separating simple closed curve in the Klein bottle. In the latter, we can take three closed curves among
two pairs of a meridian and a longitude taken in the double torus. Hence Nk with k4 satisﬁes (i).
Now we deal with N3. If there is a 1-sided closed curve  cutting open N3 into the punctured torus such that either
() = id or ()2 = id, then the meridian and the longitude of the punctured torus N3 −  play the roles of x and y in
(ii), since ()2 is the identity. So we consider other cases.
Let c1, c2 and c3 be pairwise disjoint non-homotopic 1-sided simple closed curves on N3. Then we note that the
above  can be expressed as = c1c2c3. Hence we suppose that () is of order 3. We ﬁrst observe that an even number
of c1, c2 and c3 are of order 2, since () is of order 3. If we take closed curves p = c1c2 and q = c2c3 on N1, then p
and q are non-homotopic 2-sided non-separating closed curves on N3 crossing at one point.
Suppose that all (ci)’s are of order 3. Since both (p) and (q) are of order 3, (p) and (q) are commutative, i.e.,
(p)(q) = (q)(p). Hence we have the condition (ii).
So exactly two of (ci)’s are of order 2. We may suppose that (c1) and (c3) are of order 2 without loss of
generality. If (c1)= (c3), then p′ = c1c3 is a 2-sided non-separating closed curve such that (p′)= (c1)(c3)= id,
which is a required identity-assigned element. So consider the case when (c1) = (c3). Here observe that for
any  ∈ S3 of order 3, either (c1) = (c3)−1 or (c1) = −1(c3). If (c2) is of order 3, we have either
(c1)(c2) = (c2)(c3) or (c2)(c1) = (c3)(c2), and hence we have (p) = (c1)(c2) = (c2)(c3) = (q)
or (p−1) = (c2)(c1) = (c3)(c2) = (q−1). Therefore, since pq−1 = c1c2(c2c3)−1 = c1c2c−13 c−12 , we have
(pq−1)= id, and hence c1c2c−13 c−12 is a required identity-assigned element. Finally, we suppose that (c2)= id.Then
c22 is an identity-assigned 2-sided closed curve separating N3 into a punctured Klein bottle and a Möbius band. In this
case, we have to note that the punctured Klein bottle arisen admits a closed curve c1c2 such that (c1c2) is of order
3, since (c1) and (c2) are of order 2 but (c1) = (c2), and that every closed curve on the Möbius band arisen is
identity-assigned since (c2) = id.
Hence, we let
= {c1c3, c2c3, c1c2, c1c2c−13 c−12 , c2c3c−11 c−13 , c3c1c−12 c−11 , c21, c22, c23} ∪ ′,
where ′ is the set of simple closed curves for which (ii) holds. Then, for any  : 1(N3) → S3, an identity-assigned
element of 1(N3) by  can be chosen in .
Now we prove that high representativity enables us to take l pairwise disjoint identity-assigned cycles. Let K be
an embedding on Nk such that there are at least l pairwise disjoint cycles along each element of , and that for each
element  of , the embedding (or each of the two embeddings) obtained from K by cutting along each of the l cycles
homotopic to  has representativity r. Robertson and Seymour proved that for any ﬁxed graph K on a surface S,
there exists an integer R(K) such that every R(K)-representative graph on S has K as a minor [9]. Therefore, if G is
R(K)-representative, then G has K as a minor and hence G has l disjoint cycles along each element of . Since  has
an identity-assigned element, G has l identity-assigned disjoint homotopic cycles C1, . . . , Cl , by Lemma 10. Finally,
since G has K as a minor, the embedding (or each of the two embeddings) obtained from G by cutting–capping along
{C1, Cl} is r-representative.
If C1, . . . , Cl are separating, then G is separated into two triangulations, say G1 and G2, on N1 and N2 by
cutting–capping along {C1, Cl}, respectively. Since G1(1) = id for any closed curve 1 for G1, G1 is 3-chromatic,
by Proposition 11(i). On the other hand, since G2 admits a closed curve 2 such that G2(2) is of order 3, G2 is not a
face subdivision of an even embedding, by Proposition 11(ii). 
4. Lemmas
Let H be an even embedding on a surface S and let l be a simple closed curve on S intersecting H only at their
vertices. Let S be the set of vertices of H through which l passes. We say that l is bipartizing if H − S is bipartite.
Moreover, we say that l is independent if S is independent in H.
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Theorem 14 (Nakamoto and Sasanuma [8]). For any surface S, there is an integer m(S) satisfying the following: Let
G be anm(S)-representative even embeddingG. ThenG is 3-colorable if and only if G admits a bipartizing independent
curve.
We put the following remark used in the proof of the above theorem.
Remark 15. Let G be an even embedding of a closed surface S. Suppose that G admits a bipartizing independent
curve . Let S be the set of vertices of G through which  passes. Then G has a 3-coloring one of whose color class
coincides with S.
Proof. By the deﬁnition, G − S has a 2-coloring. Moreover, since S is independent in G, we can color all vertices of
S by the same color in G in addition to the 2-coloring of G − S. Therefore, we can get a required 3-coloring of G. 
Let G be an embedding on a surface S. We say that C1, . . . , Cm are nested cycles in G if C1, . . . , Cm are pairwise
disjoint trivial cycles of G such that Ci is contained in the 2-cell bounded by Ci+1, for i = 1, . . . , m − 1. (We say that
Ci is called the ith nested cycle, and Cm is the outer cycle.) The ordered set (C1, . . . , Cm) is called a nested system or
an m-nested system in G. In particular, if C1 is the link of a vertex v, then C1, . . . , Cm are called nested cycles of v in
G. Let i be a nested system, for i = 1, . . . , k. We say that 1, . . . ,k are said to be independent in G if the k 2-cell
regions bounded by the outer cycles of 1, . . . ,k are pairwise disjoint in S.
Let G be a triangulation on a non-spherical surface. A p-nested system (C1, . . . , Cp) of a vertex v in G is said to be
tight if for i = 1, . . . , p, all vertices in Ci have distance exactly i from v.
Lemma 16. Let G be a triangulation on a non-spherical surface.
(i) If r(G)2p + 1, then for any vertex v, a tight p-nested system of v can be taken in G.
(ii) Suppose that r(G) max{2p + 1, 2q + 1}. Let x and y be two vertices of G whose distance is at least p + q + 1.
A p-nested system of x and a q-nested system of y can be taken in G independently.
(iii) Let (C1, . . . , Cp) be a tight p-nested system of a vertex v in G. Let G′ be the triangulation obtained from G by
patching at Cp. Then r(G′)r(G) − 2(p − 1).
Proof. (i) We use induction on p. If p= 1, then the link of v is a cycle, and hence we get the ﬁrst step of induction. Let
G′ be the triangulation obtained from G by contracting v and its neighbors into a single vertex v′. Then this operation
decreases the representativity of G by at most 2. Hence, since r(G′)2p−1=2(p−1)+1, we can take (p−1)-nested
system of v′ in G′. This and the link of v correspond to a p-nested system of v in G.
(ii) Take a tight p-nested system (C1, . . . , Cp) of x and a tight q-nested system (D1, . . . , Dq) of y in G. This is
possible, since r(G) max{2p+1, 2q +1}. Then, by the deﬁnition, if Cp and Dq intersect, then there is a path joining
x and y whose length is at most p + q, a contradiction.
(iii) Let  be an essential simple closed curve attaining the representativity of G′. We may suppose that  crosses Cp.
(For otherwise, we have r(G′)= r(G), and hence the statement is true.) Since C1, . . . , Cp are tight nested cycles of x,
G admits an essential simple closed curve 	 corresponding to  which hits each Ci twice and v only. Hence we have
r(G)r(G′) + 2(p − 1). 
Lemma 17. Let H be a 3-colorable even embedding on Nk and let (C11 , . . . , C14), . . . , (C
h
1 , . . . , C
h
4 ) be h independent
4-nested systems in H such that each Ci4 has no chord. Let H ′ be a graph obtained from H by patching at Ci4 for
i = 1, . . . , h. If H ′ admits a bipartizing independent curve , then H has a 3-coloring such that each Ci1 is 2-colored.
Proof. Let (C1, . . . , C4) be a 4-nested system in H. If  does not cross C4 in H ′, then  corresponds to a bipartizing
independent curve 	 in H not intersecting C1. By Remark 15, we can construct a 3-coloring of H such that the third
color is used only for the vertices of H through which 	 passes, and hence we get a required 3-coloring of H.
Hence we suppose that  crosses C4 in H ′. Let C4 =x1y1 · · · xmym. Let ′ be the segment of  contained in the 2-cell
bounded by C4. Since the plane subgraph, say K, of H bounded by C4 is bipartite, we suppose that the vertices in the
same partite set as xi are black. We shall prove that for any distinct i and j, there is a simple independent curve joining
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xi and xj in K and intersecting C4 only at xi and xj , and passes through no vertex on C1. Then, similarly to the above
case, we can get a required 3-coloring of H by replacing ′ with it, by Remark 15.
Since C4 is chordless, it is easy to see that there are two independent curves i and j from xi and xj to some two
black vertices z1 and z2 on C3 intersecting C4 only at xi and xj , respectively. Clearly, there is an independent curve 3
joining z1 and z2 in the annulus graph bounded by C2 and C3. Replace ′ with 1 ∪ 2 ∪ 3 in . 
At the end of this section, we put the following lemma.
Lemma 18 (Hutchinson [3]). Let G be an even triangulation on any surface with four disjoint homotopic bicolored
cycles C1, C2, C3, C4 lying in this order. Suppose that the even triangulation G′ obtained from G by a cutting–capping
along {C1, C4} by x, y has a 4-coloring such that each of C1 and C4 is 2-colored. Then the 4-coloring of G′ − {x, y}
extends to a 4-coloring of G.
5. Proof of Theorem 3
By Proposition 8, it sufﬁces to consider even triangulations which are not face subdivisions of even embeddings.
Hence the following lemma with m = 0 immediately solves the remaining case in the proof of Theorem 3.
Proposition 19. For any integers k1 and m0, there is an integer M(k,m) satisfying the following: Let G be an
M(k,m)-representative even triangulation onNk which is not a face subdivision of any even embedding. Let v1, . . . , vm
be m vertices of G each of which is not surrounded by any 4-cycle, and any two of which have distance at least 17.
Then G has a 4-coloring such that the link of each vi is 2-colored.
We ﬁrst verify Proposition 19 for the Klein bottle.
Lemma 20. Proposition 19 holds for the Klein bottle.
Proof. Let G be an even triangulation on N2 with sufﬁciently large representativity but is not a face subdivision of any
even embedding. Since Theorem 3 holds for the Klein bottle as proved in [6], we can conclude that G has a 4-coloring.
However, in order to get a required 4-coloring of G in Proposition 19, we shall modify the argument in [6]. The reader
should refer the paper for details. We give only a sketch of the modiﬁcation.
In [6], it has been shown that if G has high representativity, then G has many disjoint bicolored cycles homotopic to
, where  is an essential simple closed curve on the Klein bottle either cutting open the Klein bottle into an annulus,
or separating the Klein bottle into two Möbius bands.
We ﬁrst consider the former. Since G has high representativity, we can ﬁnd six disjoint bicolored cycles D1, . . . , D6
lying in this order such that the annulus triangulation containing D1, . . . , D6 and bounded by D1 and D6 has no vi’s
as its inner vertices. Removing the annulus triangulation, we let G′ be the even triangulation obtained from G by
a cutting–capping along {D1,D6} by x, y. Since G′ is an even triangulation on the sphere, G′ has a 3-coloring, by
Theorem 1, in which the link of each vi and x, y is clearly 2-colored. Hence, by Lemma 18, this 3-coloring ofG′−{x, y}
extends to a required 4-coloring of G.
Now consider the latter. Since G has high representativity, we can prove that G has many disjoint separating essential
2-sided cycles. Hence we can take a separating 2-sided bicolored cycle C among them such that the distance from
C to any vi is at least 16. Let G1 and G2 be two even triangulations on the projective plane obtained from G by
cutting–capping along C by vm+1 and vm+2, respectively, in which any two of v1, . . . , vm+2 have distance at least 17.
Hence we can take m+ 2 independent tight 8-nested systems (Ci1, . . . , Ci8) of vi in G1 ∪G2, for i = 1, . . . , m+ 2, by
Lemma 16(ii). Moreover, by Lemma 12, we can take four bicolored cycles Di1,Di2,Di3,Di4 in the four disjoint annuli
bounded by {Ci1, Ci2}, {Ci3, Ci4}, {Ci5, Ci6}, {Ci7, Ci8}, respectively, for i = 1, . . . , m + 2. Note that by Theorem 2, Gj
is a face subdivision of some even embedding Hj , for j = 1, 2. By Lemma 12, for i = 1, . . . , m + 2, we can take
Di1,D
i
2,D
i
3,D
i
4 in some Gj as nested cycles in Hj .
Let H ′j be an even embedding obtained from Hj by patching at D
i
4 by ui , for j = 1, 2 and i = 1, . . . , m+ 2. Here, it
was shown in [6] that C can be chosen in G so that both H ′1 and H ′2 are 3-colorable. Thus, by Lemma 14, H ′j admits a
bipartizing independent curve j , for j =1, 2. Hence, by Lemma 17, H1 ∪H2 has a 3-coloring such that D11, . . . , Dm+21
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are 2-colored. Therefore, G1 ∪ G2 has a 4-coloring such that the interior and the boundary of each Di1 are 3-colored,
and hence the link of each vi is 2-colored. Finally, in order to get a required 4-coloring of G, paste G1 − {vm+1} and
G2 − {vm+2} along C, after possibly re-coloring. 
Proof of Proposition 19. We use induction on k. Let G be an even triangulation on Nk which is not a face subdivision
of an even embedding. If G has an even quadrilateral Q with at least two inner vertices, then replace Q by an even
quadrilateral Q′ with only one inner vertex. We call this operation a 4-reduction of Q. Note that no vi is contained in
the interior of Q, by the assumption of the lemma. If the resulting even triangulation has a required 4-coloring, then
the outer 4-cycle of Q′ is 3-colored, and hence G has a required 4-coloring, by Lemma 4. Observe that a 4-reduction
decreases neither the representativity nor the distance of any two of v1, . . . , vm. Hence we may suppose that G is
minimal with respect to 4-reductions. By Lemma 16(ii), G has eight nested tight cycles of vi for each i such that all the
eighth cycles are pairwise disjoint in G, since the distance of vi and vj is at least 17 for any distinct i, j ∈ {1, . . . , m}.
By Lemma 20, we may suppose k3. Let
M(k,m) = max{N(k, (4l + 2)(m + 1), r), 5}
for some large integer l0 and
r = max
{
M(k − 2,m + 2), 2m(Nk−2) + 14m, 2n(k − 2) + 14m, max
1m′m+1
M(2,m′)
}
,
whereN(·, ·, ·),m(·) andn(·) are the numbers in Lemma 13 andTheorems 14 and 7, respectively. Note thatM(k′,m+2)
exists for any k′ <k, by induction hypothesis, butwehave to note that every even triangulation onN1 is a face subdivision
of some even embedding, by Theorem 2.
Suppose that G is M(k,m)-representative. Since r(G)N(k, (4l + 2)(m + 1), r), G has (4l + 2)(m + 1) disjoint
homotopic identity-assigned essential tight cycles, by Lemma 13. Moreover, we can take 4l + 2 consecutive cycles
among them such that the annulus bounded by the two outermost cycles of them contains none of v1, . . . , vm. Hence, by
Lemma 12, we can take 2l + 1 pairwise disjoint homotopic bicolored chordless cycles C−l , . . . , C−1, C0, C1, . . . , Cl .
Let A be the annulus triangulation of G bounded by C−l and Cl . If these disjoint cycles are non-separating, we let G′
be the even triangulation on Nk−2 obtained from G by cutting–capping along C−2 and C2 by u1 and u2. Otherwise,
let G′ be a disjoint union of two even triangulations G′1 and G′2 on N1 and N2, respectively, since G is on N3. (In
this case, G′1 is 3-chromatic, and G′2 is not a face subdivision of an even embedding, by Lemma 13.) Note that G′ has
no 4-cycle surrounding ui , for each i, since r(G)5, and that the distance of any two of u1, u2, v1, . . . , vm in G′ has
distance at least 17, since l is large.
Case 1: G′ is disconnected.
Suppose that G′1 and G′2 have m1 and m2 vertices among v1, . . . , vm, u1, u2, where m1 + m2 = m + 2. Since G′2
is not a face subdivision of an even embedding and since r(G′2)M(2,m2), G′2 has a 4-coloring such that the link of
each of the m2 vertices is 2-colored, by induction hypothesis. On the other hand, since G′1 is 3-chromatic, G′ has a
3-coloring such that the link of each of the m1 vertices is 2-colored. Hence, a required 4-coloring of G can be obtained
from this 4-coloring of G′ − {u1, u2}, after possibly recoloring.
Case 2: G′ is connected and is not a face subdivision of an even embedding.
By induction hypothesis, since r(G′)rM(k−2,m+2),G′ has a 4-coloring such that the link of each of them+2
vertices u1, u2, v1, v2, . . . , vm is 2-colored. Then, applying Lemma 18, we can extend the 4-coloring of G′ − {u1, u2}
to a required 4-coloring of G.
Case 3: G′ is connected and is a face subdivision of an even embedding H on Nk−2.
Since each Ci is identity-assigned, A is 3-colorable. We ﬁx a 3-coloring c:V (A) → {1, 2, 3}. Observe that the
vertices of A in G belonging to the color factor of G′ do not have the same color by c. (For otherwise, G would be a face
subdivision of some even embedding, contrary to the assumption of the lemma.) Hence, if we let Ai,j be the annulus
triangulation of A bounded by Ci and Cj , then we may suppose:
the color factor of H in A−l,−2 is colored by 1, and that in A2,l by 2. · · · (∗)
By Lemma 12, we may suppose that Ci is a chordless (2, 3)-cycle, for i=−l, . . . ,−1, and that Ci is a chordless (1, 3)-
cycle, for i = 1, . . . , l. By the assumption of Case 3, G′ is a face subdivision of some even embedding H. Observe that
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(C−2, C−3, C−4, C−5) and (C2, C3, C4, C5) are 4-nested systems of u1 and u2 in H, respectively. Moreover, let Di
be a bicolored chordless cycle of G′, avoiding the color factor of H, bounded by the seventh and eighth nested cycles
of vi in G, for each i. Let H˜ be the even embedding on Nk−2 obtained from H by patching at the chordless cycles
C−5, C5, and D1, . . . , Dm. By the same argument as in the ﬁrst paragraph, we may suppose that G′ is minimal with
respect to 4-reductions. Since r(G′)r max{2m(Nk−2) + 14m, 2n(k − 2) + 14m}, H˜ has representativity at least
max{m(Nk−2), n(k − 2)}, by Lemmas 5 and 16(iii).
If H˜ includes no quadrangulation with an odd cycle cutting openNk into an orientable surface, then H˜ is 3-colorable,
by Theorem 7. Hence H˜ has a bipartizing independent curve, by Theorem 14. Thus, if we let D′i be a bicolored cycle
between the ﬁrst and the second nested cycle of vi in G avoiding the color factor of H, then H has a 3-coloring such
that each of C−2, C2,D′1, . . . , D′m is 2-colored, by Lemma 17. Therefore, its face subdivision G′ has a 4-coloring such
that the plane subgraph of G′ bounded by each of C−2, C2,D′1, . . . , D′m is 3-colored, and hence the link of each of
u1, u2, v1, . . . , vm is 2-colored, and so we can get a required 4-coloring of G, by Lemma 18.
Therefore, we suppose that H˜ contains a quadrangulation with an odd cycle cutting open Nk into an orientable
surface. Then, since G′ is minimal with respect to 4-reductions, H˜ is a quadrangulation with no vertex of degree 2.
Now remember (∗), that is, in the annulus triangulation of G bounded by C5 and Cl , each vertex colored 2 by c has
degree exactly 4 in G. Picking up any vertex v on C6 colored 1 in G, we can ﬁnd that v has degree at least 6. (For
otherwise, a 4-reduction could be applied to v and its two neighbors colored 2, which is an adjacent pair of vertices of
degree 4, a contradiction.) Now apply a cutting–capping along C12 to do the same procedures instead of that along C0.
Then the even embedding corresponding to H˜ no longer contains a quadrangulation, since the new even embedding
has a face with boundary cycle of length at least 6 corresponding to v. Note that such a face is not surrounded by any
4-cycle, since G is minimal with respect to 4-reductions. Hence, this is the case already dealt in the previous paragraph.

Proof of Theorem 3. Theorem 3 follows from Propositions 8 and 19. 
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